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Figure1: A templeundergoing destructive modi�cations. Both modelsweregeneratedby dual contouringa signedoctreewhoseedges
containHermitedata.Themodi�ed modelon theright wascomputedfrom thelefthandmodelin real-time.

Abstract

This paperdescribesa new methodfor contouringa signedgrid
whoseedgesare taggedby Hermite data (i.e; exact intersection
pointsandnormals).Thismethodavoidstheneedtoexplicitly iden-
tify andprocess“features”asrequiredin previousHermitecontour-
ing methods. Using a new, numericallystablerepresentationfor
quadraticerror functions,we develop an octree-basedmethodfor
simplifying contoursproducedby thismethod.Wenext extendour
contouringmethodto thesesimpli�ed octrees. This new method
imposesno constraintson theoctree(suchasbeinga restrictedoc-
tree)andrequiresno “crack patching”.We concludewith a simple
test for preservingthe topologyof the contourduring simpli�ca-
tion.
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1 Intro duction

In thespringof 2001,17studentsin anadvancedcomputergraphics
classsetout on a semester-long groupprojectto developa cutting-
edgecomputergame.Oneof theprimarygoalsfor thegamewasto
incorporatetechnologythat allowed real-timemodi�cation of the
gamegeometry. (In gamingterminology, suchgeometryis referred
to as“destructible”.) Thegeometricenginefor theresultinggame
wasbasedon implicit modelingwith theenvironmentmodeledas
the zerocontourof a 3D grid of scalarvalues.Our choiceof this
representationwasguidedby thefact thatCSGoperationsarepar-
ticularly simple to implementfor implicit models. Although this
gamewasarelativesuccess,wenotedthatour implicit approachto
modelinghadseveraldisadvantages.During a post-projectreview,
we identi�ed severalproblems:

� Due to the useof a uniform grid, we wererestrictedto rela-
tively smallgrid sizes.In particular, the�nal gamecouldonly
processenvironmentsde�ned usinggrids of size643 dueto
therequirementthatthegamerun in real-time.

� The resultingenvironment lacked the sharpedgesfound in
mostpolyhedralmodels.Althoughwecouldsimulateasmall
classof shapessuchasroomsandhallwaysby cleverly ma-
nipulatingthe sign �eld, the resultingenvironmentwasgeo-
metricallysimplein comparisonto thosemodeledusingBSP
trees.

� The polyhedralmeshesproducedby contouringoften con-
tainedlarge �at regions tiled by numeroussmall polygons.
Thetiling of these�at regionstrivially in�ated thenumberof
polygonsin our modelandoften overwhelmedthe graphics
cardusedfor thegame.



In preparationfor the next versionof the gamingclass,the in-
structorandthreemembersof theclass(theauthors)decidedto pur-
suea yearlongprojectto rewrite thegameengineto addressthese
de�ciencies. In particular, we focusedon adaptingthreepiecesof
recentlydevelopedmodelingtechnologyfor our program.Eachof
thesepiecesaddressesoneof theproblems:

� First,weuseanoctreein placeof a3D uniformgrid. In partic-
ular, ouroctreeis inspiredby thoseusedin AdaptiveDistance
Fields[Friskenet al. 2000;PerryandFrisken2001]in which
signsaremaintainedat cornersof cubesin theoctree.

� At the leaves of the octree,we tag thoseedgeswith sign
changesby exact intersectionpointsandtheir normalsfrom
thecontour. This choiceis inspiredby theExtendedMarch-
ing Cubesmethodof [Kobbeltet al. 2001]. Adding normals
allows this methodto exactly reproducea wide classof poly-
hedralshapesaswell ascurvedor sharpedgesonthecontour.

� Third, we usethesenormalsto de�ne a quadraticerror func-
tion (QEF) for eachleaf of the octree.TheseQEFsarethen
usedin anoctree-basedpolyhedralsimpli�cation methodsim-
ilar to thatof [Lindstrom2000]. Our methodusestheadded
informationspeci�ed by the signsattachedto the cornersof
cubesin the octreeto preserve the topologyof this contour
duringsimpli�cation.

Theresultingrepresentationis anoctreewhoseleaf cubeshave
signsat their cornerswith exact intersectionsandnormalstagging
edgesthatexhibit signchanges.(Seetheupperleft portionof �gure
2 for anexample). Interior nodesin theoctreecontainQEFsused
during simpli�cation. This representationcanaccuratelyapproxi-
mateimplicit shapesaswell asparametricshapessuchassubdivi-
sionsurfaces.(Theseparametricshapesareimportedaspolygonal
approximationsandscanconvertedinto asignedoctree.)Theadap-
tive structureof the octreeallows for real-timeapproximateCSG
operationsandsimpli�cation of theresultingshapes.

Given that we arebuilding on several piecesof previous work,
weshouldmakeclearouroriginalcontributionsin thispaper. First,
we proposea new methodfor contouringa 3D grid of Hermite
datathatavoidstheneedto explicitly identify andprocessfeatures
asdonein the ExtendedMarchingCubesmethod. After extend-
ing this contouringmethodto the caseof multiple materials,we
demonstratehow to modeltexturedcontours.We alsointroducea
new, numericallystablerepresentationfor quadraticerrorfunctions
thatweusein astandardoctree-basedmethodfor simplifying these
contoursandtheir texturedregions. We thendevelopa versionof
our contouringmethodfor simpli�ed octreesthat imposesno con-
straintsontheoctree(suchasbeingarestrictedoctree)andrequires
nocrackpatching.Weconcludewith asimplenew testfor preserv-
ing thetopologyof boththecontourandits texturedregionsduring
simpli�cation.

2 Dual contouring on uniform grids

Although our ultimate goal is to develop a simple contouring
methodthat is suitablefor octrees,we �rst considervariousmeth-
odsfor contouringsigneduniform grids. Theupperleft portionof
�gure 2 shows a typical exampleof a signeduniform grid. Those
edgesof thegrid thatexhibit a signchangearetaggedby Hermite
dataconsistingof exact intersectionpointsandnormalsfrom the
contour. This Hermitedatacanbecomputeddirectly from theim-
plicit de�nition of thecontouror by scanconvertingaclosedpolyg-
onalmesh.

Figure2: A signedgrid with edgestaggedby Hermitedata(up-
per left), its Marching Cubescontour(upperright), its Extended
MarchingCubescontour(lower left), and its dual contour(lower
right).

2.1 Previous contouring metho ds

Cube-basedmethodssuchastheMarchingCubes(MC) algorithm
andits variantsgenerateoneor morepolygonsfor eachcubein the
grid that intersectsthecontour. Typically, thesemethodsgenerate
onepolygonfor eachportionof thecontourthatintersectsapartic-
ularcubewith theverticesof thesepolygonsbeingpositionedatthe
intersectionof the contourwith the edgesof the cube. The upper
right portion of �gure 2 shows a 2D exampleof the MC contour
generatedfrom thesignedgrid to its left. Theleft-handsideof �g-
ure3 showsa3D exampleof aspheregeneratedasthezerocontour
of the function f [x;y;z] = 1� x2 � y2 � z2. This contourconsists
of a collectionof polygonsthat approximatethe restrictionof the
contourto individual cubesin thegrid.

Dual methodssuch as the SurfaceNetsalgorithm of [Gibson
1998]generateonevertex lying onor nearthecontourfor eachcube
that intersectsthe contour. For eachedgein the grid that exhibits
a signchange,theverticesassociatedwith thefour cubesthatcon-
tain theedgearejoinedto form a quad.Theresultis a continuous
polygonalsurfacethat approximatesthe contour. The right-hand
sideof �gure 3 shows an exampleof the samespherecontoured
usingtheSurfaceNetsmethod.Note that thepolygonalmeshpro-
ducedby theSurfaceNetsmethodis dual to themeshproducedby
MC in thestandardtopologicalsense:verticesof theSurfaceNets
meshcorrespondto facesof the MC meshandvice versa. Dual
methodstypically deliver polygonalmesheswith betteraspectra-
tios sincetheverticesof themesharefreeto move insidethecube
asopposedto beingrestrictedto edgesof thegrid asin cube-based
methods.1

1Note that othermethodssuchas [Wood et al. 2000] contourwithout
respectto the underlying�ne grid. We focusour attentionon grid-based



Figure3: A spherecontouredusing the MarchingCubesmethod
(left) andtheSurfaceNetsmethod(right).

The ExtendedMarching Cubes(EMC) methodis a hybrid be-
tweena cube-basedmethodanda dualmethod.TheEMC method
detectsthe presenceof sharpfeaturesinsidea cubeby examining
normalsassociatedwith theintersectionpointson theedgesof the
cube. Thosecubeswhosenormalslie insidea user-speci�ed cone
aredeemedto be featureless.In this case,the EMC methodgen-
eratesa polygon(s)using standardMC. For thosecubesthat do
containa feature,the methodgeneratesa vertex positionedat the
minimizerof thequadraticfunction

E[x] = å
i

(ni � (x� pi))
2 (1)

wherethepairspi ;ni correspondto theintersections(andunit nor-
mals)of thecontourwith theedgesof thecube.Oncethisvertex has
beenpositioned,themethodgeneratesatrianglefanto theedgeson
theboundaryof thecube.Finally, if two adjacentcubesbothcon-
tain featurevertices,thenthepair of trianglesgeneratedby thefan
to theircommonfacehasits commonedge�ipped to form afeature
edge.Thelower left portionof �gure 2 shows a 2D exampleof the
contourgeneratedby EMC.

2.2 Dual contouring of Hermite data

The main advantageof the EMC methodis that it usesHermite
dataand QEFs in positioningthe verticesassociatedwith cubes
thatcontainfeatures.ThisHermiteapproachcangeneratecontours
thatcontainbothsharpverticesandsharpedges.Onedrawbackof
this methodis the needto explicitly test for suchfeaturesand to
thenperformsometype of specialprocessingin thesecases.As
analternative to theEMC method,we proposethe following dual
contouringmethodfor Hermitedata:

1. For eachcubethat exhibits a sign change,generatea vertex
positionedat theminimizerof thequadraticfunctionof equa-
tion 1.

2. For eachedgethat exhibits a sign change,generatea quad
connectingtheminimizingverticesof thefour cubescontain-
ing theedge.

This methodis an interestinghybrid of the EMC methodand
the SurfaceNetsmethod. It usesthe EMC method's featurever-
tex rule for positioningall verticesof the contourwhile usingthe
SurfaceNetsmethodto determinetheconnectivity of thesevertices.
(NotethattheSurfaceNetsmethodusesa completelydifferentrule

methodslike theonesabove sincethis grid structureis thebasisof our fast
CSGoperations.

Figure4: A mechanicalpartgeneratedby dualcontouringHermite
dataona643 grid.

for positioningverticeson thecontour.) By usingQEFsto position
all of the verticesof the contour, this methodavoids the needto
explicit testfor features.Verticeson the contouraresimply posi-
tionedto be consistentwith the normalsassociatedwith the data.
Thelower right portionof �gure 2 showsa2D exampleof thedual
contourgeneratedby theHermitedatain theupperleft portionof
the�gure.

Figure4 shows a 3D exampleof a mechanicalpartmodeledby
dualcontouringHermitedataon a 643 grid. Theleft imageshows
a smoothshadedversionof the part while the right imageshows
thepolygonalmeshproducedby dualcontouring.Theintersection
points and normalsfor the model were generatedfrom a closed
subdivision surface.A sign�eld denotingtheinside/outsideof the
modelwascomputedusingastandardscanconversionalgorithmas
describedin [Foley etal. 1995].

2.3 Representing and minimizing QEFs

At thispoint,weshouldmakea few commentsconcerninghow we
representandminimizequadraticerrorfunctions.ThefunctionE[x]
of equation1 is constructedfrom acollectionof intersectionpoints
pi andnormalsni . This functionE[x] canbeexpressedastheinner
product(Ax� b)T (Ax� b) whereA is a matrix whoserows arethe
normalsni andb is a vectorwhoseentriesareni � pi . Typically, the
quadraticfunctionE[x] is expandedinto theform

E[x] = xTATAx� 2xTATb+ bTb (2)

wherethematrixATA is asymmetric3� 3 matrix,ATb is acolumn
vectorof lengththreeandbTb is ascalar. Theadvantageof thisex-
pansionis thatonly thematricesATA, ATb andbTb needbestored
(10 �oats), asopposedto storing the matricesA andb. Further-
more,a minimizing valuex̂ for E[x] canbe computedby solving
thenormalequationsATAx̂ = ATb.

Onedrawbackof this representationis that it is numericallyun-
stable.For example,considercomputingthevalueof E[x] in �oat-
ing point arithmeticwhentheintersectionpointsandnormalsused
in constructingE[x] aresampledfrom a �at area.For a grid of size
2563 (asin �gure 1), themagnitudeof bTb canbeon theorderof
106. Since�oats areonly accurateto six decimaldigits, if E[x] is
evaluatedat pointson the original �at area(whereE[x] shouldbe
zero),theresultingvaluehasanerroron theorderof 1.

Onepossiblesolutionto this problemis to usedoubleprecision
numbersinsteadof �oats in representingATA, ATb andbTb. Us-



ing doubles,thevalueof E[x] in our �at examplenow hasanerror
of 10� 6. Of course,the main drawbackof usingdoublesin place
of �oats is that the spacerequireto storea QEF is doubled. For
our application,we foundthis solutionto beproblematicsinceour
programtendedto bespaceboundasopposedto beingtimebound.
(Seethelastsectionfor details.)

An alternativerepresentationfor QEFsthatdeliverstheaccuracy
of doubleswhile usingonly �oats is basedon theQR decomposi-
tion [Golub andVanLoan1989]. If (A b) is thematrix formedby
appendingthecolumnvectorb to thematrixA, theideabehindthis
decompositionis to computeanorthogonalmatrixQ whoseproduct
with (A b) is anuppertriangularmatrixof theform
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Here, Â is an uppertriangular3 � 3 matrix, b̂ is a columnvector
of length3 andr is a scalar. This matrix Q canbe expressedas
theproductof a sequenceof Givensrotationswhereeachrotation
zeroesasingleentryin thelowerpartof (A b).

Sinceany orthogonalmatrix Q satis�es the relationQTQ = I,
E[x] canberewrittenas

(Ax� b)T (Ax� b) = (Ax� b)TQTQ(Ax� b)

= (QAx� Qb)T (QAx� Qb)

= (Âx� b̂)T (Âx� b̂) + r2

To evaluateE[x] in this form, wecomputetheproductof thevector
Âx� b̂ with itself andthenaddr2. Returningto our previous �at
example,wenotethatb hasentriesontheorderof 103 andtherefore
Âx� b̂ hasentriesthat areon the orderof 10� 3 whenx is chosen
from the�at regions.Therefore,thecomputedvalueof E[x] will be
on theorderof 10� 6.

If Â is non-singular, theminimizing x̂ canbecomputedby solv-
ing Âx̂ = b̂ using back substitution. However, during dual con-
touring, Â is often computedfrom noisy normalsthat are nearly
coplanar. In this case,thematrix Â is nearlysingular. As a result,
the minimizing x̂ may lie far outsidethe de�ning cube. To solve
this problem,we computethe SVD decompositionof Â andform
its pseudo-inverseby truncatingits small singularvaluesasdone
in [Kobbeltet al. 2001;Lindstrom2000]. Basedon experimenta-
tion, we typically truncatethosesingularvalueswith a magnitude
of lessthan0:1. Using the resultingpseudo-inverse,we thenap-
proximatelysolve Âx̂ = b̂ while minimizing thedistanceof x̂ to the
centroidof theintersectionpointspi .

2.4 Mo deling textured contours

In �gure 3, both contouring algorithms producedsurfacesthat
boundedthe transition from negative (empty) spaceto positive
(solid)space.In arealisticenvironment,solidsarenotcomposedof
asinglehomogeneousmaterial.In practice,solidsarecomposedof
acollectionof materials;eachof which inducesaregionwith adis-
tinct textureon thecontour. Figure5 shows anexampleof a cube
consistingof two materials,a gold materialformedby extrudinga
Chinesecharacterthroughthecubeanda redmaterialforming the
remainingportionof thecube.Notethatthegold materialis a true
solid (andnotasurfacetexture)sincethegoldcharacterextendsall
thewaythroughthecube(asevidencedby thecubeafteraspherical
cuton theright).

This partition of solids into distinct materialscan be modeled
implicitly by replacingthesigns� and+ (correspondingto empty

Figure5: A solidcubeundergoingasequenceof CSGoperations.

Figure6: Thedualcontourfor a three-index grid (left), treatingthe
two solid (dark)indicesassingleindex(right)

andsolid space)by a materialindex. In this representation,each
grid point hasan index correspondingto a distinct material.(See
[BloomenthalandFerguson1995; Bonnell et al. 2000] for exam-
plesof similar approaches.)Figure6 shows a 2D grid with three
distinctindices;thegrayandblackgrid pointsdenotedistinctsolid
materialswhile white grid pointsdenoteemptyspace.As before,
edgesthatexhibit index changesarealsotaggedby exact intersec-
tion pointsandnormals. During contouring,this Hermitedatais
usedin equation1 to de�ne aQEFassociatedwith eachcubein the
grid. Next, for eachedgethatexhibits an index change,dualcon-
touring generatesa quadconnectingthe minimizersof the QEFs
for thefour cubescontainingtheedge.Theleft portionof �gure 6
shows thedualcontourthatseparatesthethreematerials.

If the viewer is restrictedto emptyspace,we canoptimizethis
contouringmethodfor solidsthatconsistof severaldifferentmate-
rials. In particular, quadsgeneratedby solid/solid edgesare not
visible from empty space. The remainingquadscorrespondto
solid/emptyedgesandcanbe texturedusing the materialproper-
tiesof thesolid endpointof theedge2. In �gure 5, theunderlying
grid containsthreematerials:emptyspace,gold material,andred
material. The resultingdual contourconsistsof red quadsgener-
atedby red/emptyedgesandgold quadsgeneratedby gold/empty
edges.Red/goldedgesdonotgeneratequads.

2Eachmaterialhasanassociated“black box” de�ned during themate-
rial's additionto themodelthatconverts3D geometriccoordinatesinto 2D
texturecoordinates.



When threeor more materialsmeetinside a single cube,dual
contouringplacestheminimizingvertex ator neartheir intersection
point. This positioningallows theoutlinesof lettersandcharacters
embossedonasurfaceto bereproducedveryaccurately. (Theright-
handportionof �gure 12 shows a close-upexampleof this effect.)
Cube-basedcontouringmethodsconstrainthe verticesof the con-
tour to lie on theedgesof the3D grid makingthiseffectdif�cult to
achieve.

Themove to themulti-materialcaseallows for several interest-
ing variationsontheCSGoperationsusedin thetwo-materialcase.
In placeof thestandardCSGoperations,we usea singleoperation
Addthatoverwritesaportionof theexistingmodelwith anew ma-
terial. Subtractive operationssuchasthesphericalcut in theupper
right of �gure 5 canbe representedasaddinga sphereof empty
spaceto themodel. Anotherusefulvariantof Addis theoperation
Replacethat overwritesonly the solid portion of the model. This
operationcan also be usedto simulatetexturing a portion of the
contour. For example,the lower imagesin �gure 5 show a portion
of thesolid replacedby a bluematerialandthensubsequentlycut
by asphere.

3 Adaptive dual contouring

Thepreviousalgorithmfor dualcontouringhastheobviousdisad-
vantageof beingformulatedfor uniformgrids. In practice,mostof
auniformgrid is devotedto storinghomogeneouscubes(i.e; cubes
whoseverticesall have thesamesign).Only asmallfractionof the
cubesareheterogeneousand,thus,intersectthecontour. Oneway
to avoid this wasteof spaceis to replacethe uniform grid by an
octree.In thissection,wedescribeanadaptiveversionof dualcon-
touringbasedonsimplifying anoctreewhoseleavescontainQEFs.
This methodis essentiallyanadaptive variantof a uniform simpli-
�cation methoddue to [Lindstrom 2000]. Our methodhasthree
steps:

� Generateasignedoctreewhosehomogeneousleavesaremax-
imally collapsed.

� ConstructaQEFfor eachheterogeneousleafandsimplify the
octreeusingtheseQEFs.

� Recursively generatepolygonsfor thissimpli�ed octree.

Notethatour methodalsodiffersfrom Lindstrom's methodin that
we generatepolygonsfrom thesignedoctreeinsteadof collapsing
polygonsin anexistingmesh.

Generatingthesignedoctreein the�rst stepis relatively straight-
forward. For implicit or polygonalmodels,this octreecanbecon-
structedrecursively in a top-down mannerby spatiallypartitioning
the models. For signeddataon a uniform grid, this octreecanbe
generatedin a bottom-upmannerby recursively collapsinghomo-
geneousregions.Thenext two subsectionsexaminethesecondand
third partsof this processin moredetail. (Note that the adaptive
methoddescribedhereworks for the multi-materialcasewithout
modi�cation.)

3.1 Octree simpli�cation using QEFs

Our approachto thesecondstepof theadaptive methodis to con-
structa QEF associatedwith eachheterogeneousleaf usingequa-
tion 1. Notethat theresidualassociatedwith theminimizerof this
QEF estimateshow well the minimizing vertex approximatesthe
original geometry[GarlandandHeckbert1998]. Our approachto
simplifying the resultingoctreeis to form QEFsat interior nodes
of theoctreeby addingtheQEFsassociatedwith the leavesof the
subtreerootedby thenode.ThoseinteriornodeswhoseQEFshave
a residuallessthanagiventolerancearecollapsedinto leaves.

Figure7: Closeupsof two polygonalapproximationsto thetemple
computedusingthestandard(left) andQR(right) representationfor
QEFs.

Theonly modi�cation thatwe make to this methodis to change
our internal representationfor QEFsto take advantageof the QR
decompositiondiscussedin the previous section. To this end,we
representa QEF in termsof 10 �oats correspondingto theentries
of theuppertriangularmatrixof equation3. Addingtwo QEFscor-
respondsto mergingtherowsof their two uppertriangularmatrices
to form asingle8� 4 matrixof theform
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and then performinga sequenceof Givensrotationsto bring the
matrixbackinto uppertriangularform of equation3. Dueto theor-
thogonalityof theGivensrotations,theQEFfor themergedsystem
is the sumof QEFsassociatedwith the unmergedsystems.Note
that bringing the merged systemback into uppertriangularform
is slower (around150 arithmeticoperations)than simply adding
10 �oats asdonein thestandardrepresentation.However, the im-
provedstabilityof therepresentationleadsto bettersimpli�cations.

Figure7 givesa concreteillustrationof theadvantageof theQR
representation's stability. Themeshesin this �gure show two sim-
pli�cations of thetemplefrom �gure 1 to anerrorof 0:014;theleft
meshwascomputedusingthestandardrepresentationfor QEFs,the
right meshwascomputedusing the QR representationfor QEFs.
(To give a senseof scale,the templewasde�ned over a 2563 unit
grid.) Dueto thenumericalerrorintroducedby theinstabilityof the
standardrepresentation,themeshontheleft contains78K polygons
while themeshon theright has36K polygons.

3.2 Polygon generation for simpli�ed octrees

Given this simpli�ed octree,our next task is to modify the poly-
gon generationphaseof dual contouringappropriately. For cube-
basedmethods,this problemof generatingcontoursfrom octrees
has beenextensively studied[Bloomenthal1988; Wilhelms and
Gelder1992;Livnatet al. 1996;Shekharet al. 1996;Westermann
et al. 1999; Frisken et al. 2000; Cignoni et al. 2000]. Typically,
thesemethodsrestrict the octreeto have neighboringleaves that
differ by atmostonelevel (i.e; “restricted”octrees)andusuallyper-
form sometypeof crackrepairto ensurea closedcontour. [Perry
andFrisken2001]describesavariantof theSurfaceNetsalgorithm
for signedoctreesbasedon enumeratingtheedgesassociatedwith
leavesof theoctree.In particular,

� For eachedgethatexhibits a signchange,generateall trian-
glesthatconnecttheverticesassociatedwith any threedistinct
cubescontainingtheedge.



Figure8: Threesimpli�ed versionsof themechanicalpart.

To avoid generatingredundanttriangles,this methodculls some
of the generatedtrianglesbasedon the relative positionsof their
correspondingedgesinsidealeafcube.In the�nal mesh,eachedge
correspondsto eitheroneor two triangles(a quad)on theresulting
contour. Themaindisadvantageof this method(asacknowledged
by the authors)is that it occasionallyyields contourswith cracks.
Theauthorsidentify theseproblemcon�gurationsandavoid them
by performingextrasubdivisionon theoctree.

We proposea simpler rule for dual contouringsignedoctrees
thatavoidsthis needfor extra subdivision. Therule is basedon the
observationthatonly thoseedgesof leafcubesthatdonotproperly
containan edgeof a neighboringleaf shouldgeneratea polygon.
We refer to suchedgesasthe minimal edgesof the octree. Thus,
our rule for polygongenerationis

� For eachminimal edgethat exhibits a sign change,generate
a polygonconnectingthe minimizing verticesof cubesthat
containtheedge.

Thisrulehasthepropertythatit alwaysproducesaclosedpolyg-
onal meshfor any simpli�ed octree. In particular, every edgein
the meshis containedby an even numberof polygons. To prove
this fact, we observe that edgesin the dual contouraregenerated
by pairsof face-adjacentleaf cubes.Theminimal edgestiling the
boundaryof theircommonsquarefacealwaysexhibit anevennum-
ber of sign changessincethe boundaryof the squareis a closed
curve. Therefore,therulealwaysgeneratesanevennumberof poly-
gonscontainingthe edge. For example,the commonsquareface
alwaysconsistsof four consecutiveedgesin theuniformcase.This
chainof four edgescanexhibit eithertwo or four signchangesand
consequentlygeneratetwo or four polygonscontainingthe com-
monedge.(It is possibleto constructsignedoctreesthatgenerate
dualcontourswith 6 or morepolygonsshareacommonedge.)Fig-
ure8 showsthreesimpli�ed approximationsto themechanicalpart.
Notethattherightmostmeshhasundergonea topologychange.

Thisrulegeneratestrianglesinsteadof quadsin transitionalareas
of theoctreewhereasinglecoarsecubeis face-adjacentto four �ne
cubes.Minimal edgesin the middle of the sharedcoarsefaceare
containedby only threecubesand generatetrianglesthat form a
transitionbetweencoarsequadsand �ne quads. Figure 7 shows
many examplesof suchtransitiontrianglesproducedby contouring
asimpli�ed octree.

Figure 9: Recursive functions faceProc (black) and edgeProc
(gray)usedin enumeratingpairsof leafsquaresthatcontainacom-
monedge.

Note that thePerry/Frisken rule enumeratesedgesin theoctree
andthenlocatesthosecubesthat containthe edge.This neighbor
�nding entailseitherwalking up anddown theoctreeor explicitly
maintaininglinks betweenneighboringcubes.Insteadof enumer-
ating edgesand trying to �nd neighbors,we proposea recursive
methodfor enumeratingthosesetsof cubesthatcontainacommon
minimal edge.For thesake of simplicity, we explain this enumera-
tion methodfor quadtreeswhile notingthatasimilarmethodworks
for octrees.

The key to this enumerationprocedurearetwo recursive func-
tionsfaceProc[ q] andedgeProc[ q1, q2] . Givenaninteriornode
q in thequadtree,faceProc[ q] recursively calls itself on thefour
childrenof q aswell ascallingedgeProc onall four pairsof edge-
adjacentchildrenof q. Givenapairof edge-adjacentinteriornodes
q1 and q2, edgeProc[ q1, q2] recursively calls itself on the two
pairsof edge-adjacentchildrenspanningthecommonedgebetween
q1 andq2. Figure9 depictsthemutuallyrecursivestructureof these
two functions.

The recursive calls to edgeProc[ q1, q2] terminatewhenboth
q1 and q2 are leaves of the quadtree. At this point, the call to
edgeProc hasall of theinformationnecessaryto generatetheseg-
mentassociatedwith theminimal edgesharedby q1 andq2. Note
therunningtime of this methodis linearin thesizeof thequadtree
sincethereis onecall to faceProc for eachsquarein thequadtree
andonecall to edgeProc for eachedgein thequadtree.

Contouring octreesrequires three functions cellProc[ q] ,
faceProc[ q1, q2] and edgeProc[ q1, q2, q3, q4] . The func-
tion cellProc spawns eight calls to cellProc , twelve calls
to faceProc and six calls to edgeProc. faceProc spawns
four calls to faceProc and four calls to edgeProc. Finally,
edgeProc spawns two calls to edgeProc. The recursive calls to
edgeProc[ q1, q2, q3, q4] terminateat minimal edgesof the oc-
treeswhereall of theqi 's areleaves.

4 Simpli�cation with top ology safety

Simpli�cation methodssuchas[RossignacandBorrell 1993;Lind-
strom2000]have thepropertythat the topologicalconnectivity of
the polygonalmeshmay changeduring simpli�cation. More so-
phisticatedmethodssuchas[StanderandHart 1997;Gerstnerand
Pajarola2000; Wood et al. 2000; Guskov andWood 2001] were
developedto maintaintheconnectivity of themeshduringsimpli-
�cation. Unfortunately, in our setting,not only can the topolog-
ical connectivity of the contourchangeduring simpli�cation, but
also the connectivity of its texturedregions. The left sideof �g-
ure12 shows anexampleof a simpli�cation in which distinctparts
of theChinesecharacterhave mergedmakingit dif�cult to recog-
nize. While thesetopologicalchangesarenot alwaysundesirable,
we wish to have theoptionof maintainingthetopologicalconnec-
tivity of thecontourandits texturedregionsduringsimpli�cation.



Speci�cally, givenan interior nodein theoctreewhoseeightchil-
drenareleaves,we desirea testbasedon the signs(or indices)at
thecornersof theseleavesthatguaranteesthatthetopologicalcon-
nectivity of the dual contourandits texturedregionsis preserved
duringcollapseof thenode.

4.1 The two-signed case

Considera coarsecubeconsistingof eight leaf cubes. The signs
at thecornersof theeight leaf cubesde�ne a 3� 3� 3 grid whose
cornersde�ne a 2 � 2 � 2 coarsegrid. Our goal is to develop a
testfor determiningwhetherthedualcontourgeneratedby this �ne
grid is topologicallyequivalentto thedualcontourgeneratedby the
coarsegrid 3.

Beforepresentingthe test,we recall that a d-dimensionalcon-
tour is locally a manifold if it is topologically equivalent to a d-
dimensionaldisc. Sincea cubehastwelve edges,dual contouring
cangenerateup to twelve polygonsthatmeetat thecentralvertex
associatedwith thecube.For mostcommonsigncon�gurationson
the cube,thesepolygonsde�ne a manifold at this vertex. How-
ever, thereexist sign con�gurationsfor which the dual contouris
non-manifold. (Thesecon�gurationscorrespondto the “ambigu-
ous” sign con�gurationsin standardcube-basedmethods.)Given
thisde�nition, thesafetytesthasthreechecks:

1. Testwhetherthe dual contourfor the coarsecubeis a mani-
fold. If not,stop.

2. Testwhetherthedualcontourfor eachindividual �ne cubeis
amanifold. If not,stop.

3. Testwhetherthe�ne contouris topologicallyequivalentto the
coarsecontouron eachof thesub-facesof thecoarsecube.If
not,stop;otherwisesafelycollapse.

The �rst two checksrestrictthesimpli�cation processto mani-
fold dualcontours.(Note that thesecondcheckcanbedroppedif
the�ne leafcubesarethemselvestheresultsof apreviouscollapse.)
In practice,this restrictionis acceptablesincemost�ne resolution
contoursaremanifold with non-manifoldcontoursusuallyarising
dueto unsafesimpli�cation. For the�rst two checks,[Gerstnerand
Pajarola2000] describea simpletestfor determiningwhetherthe
contourassociatedwith a singlecubeis a manifold. Theideais to
repeatedlycollapsethe edgesof the cubewhosecornershave the
samesignto a singlevertex. Now, thecontourassociatedwith the
cubeis manifoldif andonly if theresultof this reductionis asingle
edge. The resultof this testcanbe pre-computedfor all possible
sign con�gurationsassociatedwith a single cubeand storedin a
tableof size28.

The third checkteststopologicalequivalenceof the coarseand
�ne contoursasfollows: First, the methodchecksfor topological
equivalenceon the edgesof the coarsecube. Next, the method
checksfor topologicalequivalenceon thefacesof thecoarsecube.
Finally, the methodchecksfor equivalenceon the interior of the
coarsecube. Thesecheckscanbe implementedasa sequenceof
signcomparisonson the3� 3� 3 grid of signs.

� The sign in the middle of a coarseedgemustagreewith the
signof at leastoneof theedge's two endpoints.

� The sign in the middle of a coarsefacemustagreewith the
signof at leastoneof theface's four corners.

� The sign in the middle of a coarsecubemustagreewith the
signof at leastoneof thecube's eightcorners.

3Two shapesaretopologically equivalentif they canbe deformedinto
eachotherby acontinuous,invertiblemapping.

Figure10: Threesignedquadtreesandtheirdualcontours.

Figure10 shows threesignedquadtreesthat arecandidatesfor
simpli�cation. Thedualcontourfor the left quadtreehastwo dis-
tinct connectedcomponents.In this case,the�rst checkrejectsthe
simpli�cation asunsafesincethecontourfor thecollapsedquadtree
is non-manifold.Thedualcontourfor themiddlequadtreealsohas
two distinct components.In this case,the third checkrejectsthe
simpli�cation sincethe left edgeof the quadtreecannotbe safely
simpli�ed. The signsfor the rightmostquadtreesatisfy all three
checksandthereforethequadtreecanbesafelysimpli�ed.

Theproofof correctnessfor thesesignchecksis basedonestab-
lishing topologicalequivalencefor subfacesof the coarsecubein
orderof increasingdimension.Theright meshin �gure 8 showsan
exampleof a simpli�ed versionof themechanicalpartthathasun-
dergonea topologychangethatdisconnectsthemesh.Themiddle
meshin �gure 8 showsanexampleof thepartaftersafesimpli�ca-
tion with thetopologycheckspreventingfurtherunsafesimpli�ca-
tion.

4.2 The multi-material case

Onenicefeatureof thecontouringandsimpli�cation methodsdis-
cussedin the previous sectionsis that thesemethodshandlethe
caseof multiple materialswithout any extra dif�culty . Luckily,
thesafetytestdescribedin theprevioussubsectionalsogeneralizes
to the contoursof multi-materialregions with one small change.
An apparentdif�culty is thatthecontoursof multi-materialregions
areinherentlynon-manifoldin the two-materialsense.For exam-
ple, �gure 11shows threeexamplesof dualcontoursseparatingthe
threematerials.Two of thecontourshave a vertex wherethreema-
terialsmeet. Note that if we considerthe boundaryof eachmate-
rial's regionseparately, wecanstill classifywhetherthisportionof
the dual contouris a manifold. Speci�cally, a multi-materialdual
contouris a quasi-manifoldif the boundaryof eachmaterial's re-
gionis amanifold.In thetwo-materialcase,beingaquasi-manifold
is equivalentto beingamanifold.

Now, themulti-materialsafetytestdetermineswhetherit is topo-
logically safeto simplify dual contoursthat are quasi-manifolds.
As before,thisrestrictionis notparticularlyproblematicsincemost
portionsof a multi-materialcontourarequasi-manifold.This new
test again consistsof three phasesand is identical to the two-
materialtestwith theexceptionthatwereplacethe�rst andsecond
checksfor whetherthe contourinsidea singlecubeis a manifold
by an equivalenttest for whetherthe contouris a quasi-manifold.
Theindex testsin phasethreeremainunchanged.

In analogywith the manifold case,the quasi-manifoldtest for
a multi-materialcube involves collapsingeachedgeof the cube
whoseendpointshave thesameindex. Now, thedualcontourasso-
ciatedwith thecubeis aquasi-manifoldif andonly if thecollapsed
edgegraphis asimplex (i.e; apoint,asegment,atriangleor atetra-
hedron). As in the two-signcase,the valuesof this function can
bepre-computedandstoredin a lookuptableof size48. (If a cube
has5 or moredistinct indices,its edgegraphcannotcollapseto a
simplex.) Thecorrectnessof thistestcanbeveri�ed by selectingan
index on thecubeandtreatingall of theremainingindicesasbeing
equivalent. Sincethe resultingedgegraphcollapsesto a segment,



Figure11: Threemulti-materialquadtreesandtheirdualcontours.

Figure12: TheChinesecubeafterunsafesimpli�cation (left) and
safesimpli�cation (right). Note thatdistinctpartsof thecharacter
havemergedduringunsafesimpli�cation.

the portion of the contourcorrespondingto the chosenindex is a
manifold.

Figure11showstwo multi-materialquadtreesthatarecandidates
for simpli�cation. Theleft quadtreeis rejectedsincethethird check
fails on the bottom edgeof the quadtree. The middle quadtree
passesall threechecksandcollapsesto the quadtreeon the right.
Notethatthecontourfor thiscollapsedquadtreeis aquasi-manifold
sincethecollapsededgegraphfor this squareis a triangle.

Figure 12 shows two simpli�ed versionsof the Chinesecube
from �gure 5. The left versionhasbeensimpli�ed without any
typeof topologicalsafety. Notethatthedisjoint componentsof the
Chinesecharacterhave fusedtogether. Theright versionhasbeen
safelysimpli�ed usingthemulti-materialtestwith separateregions
of thecharacterremainingdistinctaftersimpli�cation.

5 Results

Thecurrentversionof our geometricprogramrunsona consumer-
gradePC equippedwith a GeForce 3 video card. The program
performsadaptive dual contouringon an indexed octree. The ta-
ble below shows thenumberof quadsgeneratedby our methodfor
variousexamplesaftersimpli�cation to anerror toleranceof 0:01.
(All grids have unit spacing.) The time �eld representsthe total
time to simplify theinitial octree(with topologicalsafety)andthen
generatepolygonsfrom thesimpli�ed octree.TheCSGoperations
(spheresof radius6) in �gure 1 tookapproximately30milliseconds
to compute.

model # quads time (MS) space(MB)
part643 2578 44 1.3

Chinesecube1283 1646 636 32
temple2563 39201 3586 156
david 5123 143533 2948 91
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